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Long distance propagation of an energetic laser pulse with intensity slightly below that for multi-
photon ionization (MPI) in air is considered analytically, by noting that in the process it is mainly
the peak region of the pulse that interacts with the air molecules. Similar to that of much shorter
femtosecond laser pulses of similar intensity, the affected air becomes slightly ionized and self-
consistently forms a co-propagating thin and low-density plasma filament along the axis. It is
found that a hundred-Joule-level laser pulse with relatively large spot radius and pulse duration can
propagate (also in the form of a self-consistent filament) tens of kilometers through the atmosphere.
Such laser propagation properties should have applications in many areas.
I. INTRODUCTION
Long-distance propagation of intense short laser pulse
in air much beyond the Rayleigh length has been found
since two decades ago [1–3], i.e., suitably intense short
laser pulses can propagate in air for distances much
longer than the Rayleigh length. This phenomenon
has many practical applications, such as for atmosphere
diagnostics and modification, etc. [4–15], and has been
intensively studied [16–19]. This interesting process
occurs as a result of marginal yet self-balanced focusing
and plasma defocusing of the laser light: the intense
peak region of the femtosecond laser pulse can slightly
ionize (with ionization degree as low as 1%) a small
amount of air molecules in its path via MPI, yet without
inducing avalanche ionization and electron heating that
can result in a plasma dense enough to reflect or absorb
the laser light. For the main air molecules, the ionization
intensity thresholds are in the range 1013–1015W/cm2,
so that the peak of the focused laser should be in this
regime. The ionization produced plasma tends to defocus
the laser, whose intensity then again falls below the
ionization threshold, so that Kerr focusing is dominated
again. Since only a small fraction of laser energy is
spent in the ionization, the focusing-defocusing process is
repeated in a continuous manner and the laser pulse can
propagate until its energy becomes too low. Moreover,
as recombination of the excited air molecules takes place,
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the plasma along the path of the laser pulse can be
readily detected as a thin filament of white light. In
the process, the periphery, or the skirt, of the laser pulse
is not actively involved in the interaction but acts as an
energy reservoir and stabilizer for the intense light on the
axis [1–3].
Unlike that in the existing works on the long distance
propagation of very short laser pulses in air [16–19], here
we consider relatively long-pulse lasers. Our analysis
is based on the observation that it is mainly the peak-
intensity region of the focused laser pulse that interacts
with and ionizes the air molecules. More importantly,
it is found that a high-energy laser pulse with suitable
spot radius, pulse duration, and intensity can propagate
tens of kilometers through the atmosphere at relatively
low altitudes with significant amount of energy to spare.
Such a very long distance laser propagation in air
should be suitable for low-angle low-altitude detection,
diagnostic, and other purposes.
II. THE MODE OF LASER PROPAGATION IN
AIR
The envelope of the vector potential of a Gaussian laser
pulse propagating in the z direction can be represented
by [20] a(ρ, z, ζ) = a0u(ρ, z) exp(−ζ2/2τ2), where ζ =
t− z, a0 is the peak amplitude (normalized by mc2/e, m
is the electron mass, c is the vacuum light speed, and −e
is the electron charge) and u(ρ, z) is the spatial profile of
the pulse. We have assumed that the pulse is azimuthal
2symmetric, and normalized ρ and z by the wavelength
λ = 2pic/ω, and t and τ by the period 2pi/ω, respectively,
of the laser light in vacuum, with ω the laser frequency.
We note that in air or very-low density unmagnetized
plasma, the group velocity of light is effectively c.
Accordingly, one can write the intensity for a Gaussian
laser I(ρ, z, ζ) = a20In|u(ρ, z)|2 exp(−ζ2/τ2)/8pi, where
In = m
2ω2c3/e2 ∼ 3.47× 1019 W/cm2 for λ = 1µm.
We consider a laser with pulse duration τ and timescale
of variation much larger than the light wave period
2pi/ω. The equation for the envelope u(ρ, z) of the laser
vector potential under the paraxial approximation can be
written as [20]
2i∂zu(ρ, z) + ρ
−1∂ρ [ρ∂ρu(ρ, z)] = (1− ε1)u(ρ, z). (1)
As what we did in the laser propagation in plasmas [21],
we assume u(ρ, z) = v(z) exp[−q(z)ρ2], with v(z) real
and q(z) = b−2(z)+iR−2(z) complex, where b(z), R(z) =
z(1 + z2R/z
2) and zR are the laser spot radius, curvature
radius, and Rayleigh length, respectively. Here, ε1 is the
complex dielectric constant of air (to be discussed in the
next section).
Integrating (1) over ρdρ for ρ from 0 to∞, one obtains
for the evolution of v and q:
i∂z (v/q) = v
∫
∞
0
(1− εr) exp
(−qρ2) ρdρ, (2)
and the rate of energy loss by the laser pulse during its
propagation is
∂z
(
v2b2
)
= −4v2
∫
∞
0
εi exp
(−2ρ2/b2) ρdρ, (3)
where the subscripts r and i denote the real and
imaginary parts of ε1, respectively.
We now consider the dielectric properties of air.
Taking into account Kerr focusing and MPI, the dielectric
constant ε1 of air can be written as [8, 16–19]
ε1 = 1 + η2I − n0 + iεi, (4)
where the four terms on the right correspond to
contributions from linear dispersion, nonlinear Kerr
focusing, MPI electron defocusing, and dissipative
effects, respectively. Here, η2 ∼ 5 × 10−19 cm2/W is
the nonlinear refractivity of air, I is the laser intensity,
n0 is the normalized (say, by the critical density nc =
mω2/4pie2) density of the MPI free electrons, and εi the
energy loss. The Kerr term can also be expressed in terms
of the laser power P = 2pi
∫
∞
0
Iρdρ as P/Pthres [20, 22],
where Pthres is the threshold power for Kerr focusing.
This expression is useful when the laser power and spot
radius are explicitly known, such as in experimental
determinations of the refractive index of a medium.
For the laser-intensity regime of interest here, the MPI
electron density can be written as [20]
n0(ρ, z, ζ) = N
3/2
p nair
∫ ζ
−∞
[piI(ρ, z, ζ ′)/Ei]
Np dζ ′, (5)
where Np = 11 is the minimum number of photons
required for MPI, nair is the normalized (by nc) density of
the background air, I is the laser intensity normalized by
In, and Ei = 12 eV/mc
2 = 2.3× 10−5 is the normalized
ionization potential. Since MPI takes place mainly near
the peak (ζ ∼ 0) of the Kerr focused laser pulse, we have
n0(ρ, z) = N
3/2
p nair
∫ 0
−∞
[I(ρ, z, ζ ′)/2Ithres]
Np dζ ′
= α2 (IL/2Ithres)
Np |u(ρ, z)|2Np , (6)
where α2 =
√
piτnairNp/2, Ithres = Ei/2pi = 0.36× 10−5
is the threshold intensity for MPI, and IL = a
2
0/8pi. We
further assume that the laser energy loss is mainly due to
the MPI, i.e., εiI ∼ n0NpEphoton. Accordingly, at ζ ∼ 0
we have
εi(ρ, z) =
α2NpEphoton
2Ithres
(
IL|u(ρ, z)|2
2Ithres
)Np−1
, (7)
where Ephoton = h¯ω/mc
2 is the normalized photon
energy. Together with (6) for the MPI electron density,
one can then numerically solve (2).
III. LASER SELF-GUIDING IN AIR
We are interested in self-guiding of laser that can lead
to steady long-distance propagation without inducing
avalanche ionization of the affected air. Accordingly, the
laser spot radius should remain unchanged for as long as
possible. Thus, we require
∂zb = 0, (8)
which determines the initial parameters of the laser pulse.
In view of the recent interest in the long distance
propagation of very short, or femtosecond, laser pulses
in air, it is instructive to first consider a relatively short
laser pulse. Figure 1 is for an incident laser pulse of
duration 100 fs, wavelength 1µm, spot radius b0 = b(z =
0) = 100 µm, peak intensity 3.5×1013 W/cm2, and laser
energy 1.1 mJ. The initial spot radius b0 has been chosen
to match the conditions (8). We can see in Fig. 1 that
the laser spot and plasma radii diverge, and after 50 m
only about 20% of the laser energy is left. As mentioned,
such laser propagation much beyond the Rayleigh length
is made possible by a self-regulating balance between
Kerr focusing, and plasma-induced defocusing in a small
region on the axis of the laser pulse. Note that this
scenario is quite different from that of the guiding of
ultra-intense lasers in pre- or self-formed plasma channels
produced when the plasma electrons are driven out by the
strong light pressure. In that case the plasma creation
and laser propagation mechanisms are very different from
that considered here, in particular, the laser light is inside
rather than outside the plasma channel [21, 23–25].
Fig. 2 shows the radial profiles of the laser intensity
and the electron density at z = 20 m. We see that
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FIG. 1. Evolution of the (a) laser spot b (red curve) and
electron channel radius d (green curve), (b) laser energy.
The initial laser parameters are: peak normalized intensity
a0 = 0.005 (or 3.5 × 10
13 W/cm2), wavelength λ = 1 µm,
spot radius b0 = 100 µm, and pulse duration τ = 100 fs,
corresponding to an energy of 1.1 mJ. The pristine air density
is nair = 10
19 cm−3.
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FIG. 2. Radial profiles of the normalized laser intensity and
normalized (by the air density) MPI-electron density (green
curve) at z = 20 m. The laser and air parameters are the
same as in Fig. 1. Note that the free electrons are of very
low density, only ∼ 0.002nair (with the ionization degree less
than 1%), and are well localized inside the laser light.
the MPI free electrons are of very low density, namely
∼ 0.002nair, and the corresponding ionization degree is
less than 1%. They are also well localized in the peak
region of the laser pulse. However, because of the slow
but finite energy loss as it propagates, eventually the laser
cannot continue to provide the Kerr focusing needed to
balance the optical diffraction, so that it diverges, as can
be seen in Fig. 1(a). This scenario is consistent with that
investigated in the experiments and theories of short-
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FIG. 3. (a) Evolution of the laser spot radius b (red curve)
and plasma radius d (green curve), and (b) the normalized (by
E0 = E(0)) laser energy E (blue curve) and the normalized
(by I0 = I(0)) spot-size dependent intensity I (magenta
curve), for a 33 ps laser pulse with initial spot radius b0 = 1
mm, corresponding to an energy of 36 J. The other parameters
are the same as that in Fig. 1. Note that the horizontal axes
are in units of kilometers.
pulse laser propagation in air [1–3, 16–19].
IV. LONG DISTANCE LASER PROPAGATION
IN AIR
The preceding result indicates that the propagation
distance of the laser is limited by light energy loss.
One can thus expect prolonged propagation distance by
employing a longer-pulse larger-spot laser, i.e., a laser
of high initial energy but with intensity just below that
for MPI to occur. Fig. 3 is for a laser with pulse
duration τ = 33 ps, spot size b0 = 1 mm and energy
36 J. We see that such a tens-picosecond laser pulse can
propagate in a self-guided manner for tens of kilometers
with its intensity still around 1012 W/cm2. One can
calculate that, after a distance of 10 km, the energy
consumed by MPI is about 12 J. That means more
than 60% laser energy still remains, which is consistent
with Fig. 3(b). Long-distance laser focusing can also
be achieved by elaborate focusing techniques or group-
velocity-dispersion control [3], but in that case the light
energy content rapidly becomes small, thereby limiting
their range of applications.
For given air environment, a key controllable parame-
ter for long-distance propagation of the laser filament is
the initial laser power. Since the laser intensity is limited
to near the MPI threshold in air, the relevant parameters
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FIG. 4. (a) Effects of the laser pulse duration τ on laser
propagation distance as determined by laser intensity falling
to below 1/e of the initial value, as compared with the
experimental data from Ref. [1] (square symbol) and Ref. [19]
(star symbol). (b) The optimal initial laser spot b0 (red curve)
and the plasma cross section d0 (green curve) for different τ
values in the relatively steady-size regimes.
are therefore the initial pulse duration τ and initial spot
radius b0 of the laser. Fig. 4(a) shows the effect of
the pulse duration τ on the laser propagation distance
(defined as that at which the laser intensity becomes
1/e of its initial value). We see that the propagation
distance starts with a near-power-law scaling with the
pulse duration, but tends to saturate after τ ∼ 0.5 ps.
Still larger τ will not be beneficial since electron heating
by the too-long laser can lead to optical breakdown, so
that the trailing part of the laser will be reflected and/or
absorbed by the resulting plasma. The experimental data
from Ref. [1] and [19] are also presented in Fig. 4(a) as
a comparison. With the same duration of laser pulse,
the propagation distance in our model is obviously larger
than that from the experiments. The reason is probably
that the nonlinear effects, such as ionization instabilities
and inverse Bremsstrahlung, which will cause additional
loss of laser energy, are not included in the model. We
notice that Fig. 4(b) shows the dependence of the optimal
initial laser spot b0 and plasma radius d0 on τ in the
relatively steady regimes of laser propagation. From the
log-log plot, we see that they have the same power-law
scaling, indicating that the plasma profile follows closely
that of the paraxial laser pulse, as to be expected for
steady propagation.
V. LASER PROPAGATION WITH
QUASI-PERIODIC FOCUSING AND
DEFOCUSING
In the above we have considered relatively steady
propagation of the laser pulse, where Kerr focusing and
MPI-electron defocusing balance each other, by carefully
choosing the input laser parameters. However, other
evolution scenarios of the laser-air interaction are also
possible. Accordingly, we next consider non-steady laser
propagation.
It may be instructive to briefly review the initial
stage of the long-distance self-focusing process, which
determines the type of laser propagation. If the laser
intensity is too low, it would be difficult to start the initial
MPI, and therefore the laser self-guiding will not happen.
However, if the total laser power is initially larger than
the threshold power for Kerr focusing, the laser spot
radius will gradually decrease, together with increase of
the peak laser intensity until the peak intensity exceeds
the MPI threshold of air. When MPI happens, a mass
of MPI free electrons will be created. The plasma
defocusing then becomes dominated and the intensity of
the incident laser quickly decreases. If the remaining
laser power, after the MPI process, is lower than the
threshold for Kerr focusing, the laser pulse will fully
defocus. On the other hand, if the laser power remains
higher than the threshold for Kerr effect, the defocused
light will be focused again. Since only little energy
(compared with that in the laser pulse) is spent in each
MPI event. The focusing-defocusing process is repeated
until the laser power becomes too low. For example,
Fig. 5 shows multi-focusing of a laser pulse with initial
intensity I0 = 5.0 × 1012 W/cm2, pulse duration 1 ps,
and initial spot radius 5 mm. One can see that the
focusing-defocusing process is repeated with decreasing
peak amplitude, appearing as a quasi-periodic series of
roughly half-meter-long pulses of EM radiation. In this
case, the intensity decays more rapidly, since more energy
is spent in the focusing-defocusing process. They have
also been observed in the experiments [26].
VI. CONCLUSION
In contrast to guidance of laser pulses by preformed
or interaction-generated plasma channels involving high-
intensity lasers and high-density plasmas [21, 25, 27], here
the MPI-generated plasma is of much lower density and
its cross section is much less than that of the laser light.
It should be emphasized that here the laser intensity must
be such that it remains very close to the MPI threshold,
so that the resulting MPI free electrons are of low energy
and density. Otherwise optical-breakdown (avalanche
ionization), and effects such as ionization instabilities,
inverse Bremsstrahlung, plasma expansion, etc., which
can lead to defocusing and absorption of the laser light,
would have to be taken into consideration [4, 7, 20].
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FIG. 5. Normalized intensity I/I0 for periodic focusing and
defocusing of laser light. Here the initial laser intensity is
I0 = 5.0 × 10
12 W/cm2, the spot radius and duration are
5 mm and 1 ps, respectively. The other parameters are the
same as in Fig. 1.
We have also assumed that the background air is of
uniform density and quiescent. In applications such as
long-distance diagnostics of the atmosphere, one would
have to modify the dielectric constant ε1 by taking into
account nonuniform air density and possible encounters
with clouds, dusts, etc [14, 15, 17, 19]. However, the laser
pulse should not be slowed down, otherwise avalanche
ionization can easily occur. Moreover, our analysis is not
applicable at too-high altitudes, where the background
air can contain plasma photo-ionized by sunlight.
In conclusion, we have considered a relatively simple
model for long-distance laser propagation in air. The
model is based on the fact that it is mainly the intense
peak of the focused laser pulse that directly interacts
with the air molecules, so that one needs only to consider
the MPI process on the laser axis. It is shown that
a large-spot long-pulse laser of high energy but near-
MPI-threshold intensity can travel tens of kilometers
through the atmosphere at high-energy level. The
results should be useful for long-distance diagnostics of
the atmosphere, long-distance excitation and guidance
of natural or artificial lightning discharge or charged-
particle beams, remote deposition of laser energy, etc.
Our approach can also be applied to other laser driven
processes [4, 28–31], where the peak intensity of the laser
pulse plays an important role.
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